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osting by EAbstract An innovative modeling approach to study the whirling motion of the lathe machine in
the intermediate turning stage is presented by introducing the system excitation in the form of cut-
ting forces between the cutting edge head and the workpiece. This involves nonhomogeneous
boundary conditions with homogeneous equations. The mathematical modeling approach enabled
us to solve the problem by modal analysis by transforming the problem into nonhomogeneous
equations with homogenous boundary conditions. The proposed approach enables us to predict
the whirling motion at different locations on the cutting edge-workpiece system.
ª 2011 King Saud University. Production and hosting by Elsevier B.V. All rights reserved.1. Introduction
Self-excited vibrations encountered in many machining opera-
tions. While the workpiece is under the turning operation, part
of the delivered power to the machine is switched to a vibra-
tory power during the machining operation. This creates unre-
lenting vibrations in the cutting edge-workpiece system. In the
lathe machine, the load transmitted through the cutting edge
to the workpiece while turning consists of a ﬂuctuating. Alata).
y. Production and hosting by
Saud University.
lsevierincrement of a dynamic origin. The latter initiates from within
the complete system of the cutting edge-workpiece system and
the nature of the turning process. No investigation has been
done on the effect of the workpiece whirling motion on the sur-
face roughness and the geometrical dimensioning and toler-
ances in the lathe machine. This current study is important
in order to look at the causes and some of the phenomena that
affect the surface roughness from a different angle. Hence, an
innovative approach to ﬁnd the root cause of this problem will
open the doors for researchers to try different ways to suppress
this motion, dynamically, and consequently to obtain the best
surface ﬁnish with minimum irregularities. Al-Wedyan et al.
(2007) developed a mathematical approach to study the whirl-
ing motion of a boring trepanning association deep hole bor-
ing process. They were able to detect the whirling motion of
the workpiece-boring bar system at different locations and
conducted a number of experiments to validate the theoretical
study. The whirling motion of the deep hole boring process
were suppressed by using a two electrodynamics shakers in
the Y and Z directions in Al-Wedyan et al. (2010). The exper-
imental investigations validated the reduction of the tilted
1y 2y
Nomenclature
A1,A2 cross section area of the workpiece (m
2)
d1,d2 diameter of the workpiece before and after turning
(m)
E Young’s modulus (N/m2)
I1, I2 area moment of cross section of the workpiece be-
fore and after turning (m4)
M1 mass per unit length of the workpiece (kg/m)
M2 mass per unit length of the workpiece (kg/m)
Q1(x, t) displacement of the workpiece to the left of the cut-
ting edge (m)
Q2(x, t) displacement of the boring bar to the right of the
cutting edge (m)
c weight density of the workpiece (N/m3)
w(t) generalized co-ordinate
xn natural frequency of the system (Hz)
2 H.M. Al-Wedyan, M. Alatawhirl orbit with a close percentage to the theoretical model.
Roukema and Altintas (2007) developed a comprehensive
exercise in modeling dynamics, kinematics and stability in
drilling operations and studied the mechanism of whirling
vibrations, which occur due to lateral drill deﬂections. The
mechanism of whirling vibrations is explained, and the hole
wall formation during whirling vibrations is investigated by
imposing commonly observed whirling motion on the drill.
The effect of the drill-hole surface contact during drilling is dis-
cussed by observing the discrepancies between the numerical
model of the drilling process and experimental measurements.
Koak et al. (2009) investigates the whirling, tilting and axial
motions of a hard disk drive (HDD) spindle system due to
manufacturing errors of ﬂuid dynamic bearings (FDBs).
HDD spindle whirls around the sleeve with tilting angle. They
showed that the imperfect cylindricity and perpendicularity in-
crease the whirl radius, axial runout and tilting angle of the
HDD spindle system. Also, they improved the degradation
of dynamic performance due to the imperfect perpendicularity
between shaft and thrust plate by allowing the other manufac-
turing error of the cylindricity of sleeve bore in such a way to
compensate the bad effect of the imperfect perpendicularity.
Bingwei et al. (2010) addressed the rotordynamic instability
of an overhung rotor caused by a hydrodynamic moment
due to whirling motion through the structural coupling be-
tween whirl and precession modes. The experiments were de-
signed to measure the rotordynamic ﬂuid force moments
under various leakage ﬂow rates with various preswirl veloci-
ties and various axial clearances between the backshroud and
casing. The computation was carried out based on a bulk ﬂow
model. It was found that the ﬂuid force moment is generally
destabilizing, except for a small region of positive whirling
speed ratios. Minis et al. (1990a, 1990 b,>c) studied the vibra-
tion in the lathe machine and carried out experiments to vali-
date his ﬁndings, which leads to a generalization of the linear
stability theory for chatter in turning operations. Cutting con-
ditions affects the Whole characteristics and cause surface er-
rors as Rahman et al. (1988) found using the endrill. It was
found that the endrills produced good surface ﬁnish and good
quality holes under proper cutting parameters (speed, feed and
ﬂow rate). The twist drill wondering motion was investigated
by Lee et al. (1987) mathematically and experimentally. The
model, also, explained the formation of a polygonal hole dur-
ing initial penetration of drilling. Whirling vibrations were
experimentally measured by Fujii et al. (1986a,b) in order to
investigate how the whirling vibrations developed in the chisel
drill. They used three different chisel drills with different webthicknesses. Fuji et al. (1986) studied the interactions among
the effect of drill geometry and drill ﬂank, in starting whirling
and developing it, where they ﬁnd also that the ﬂank surface of
the cutting edge is responsible for damping the vibration. Fujii
et al. (1988) also investigated the whirling vibrations in a work-
piece having a pilot hole, where they ﬁnd out that whirling mo-
tion is a regenerative vibration caused by cutting forces and
friction while drilling.
2. Mathematical modeling of the cutting edge-workpiece system
The workpiece end is supported by the tailstock as shown in
Fig. 1, where the interaction point between the cutting edge
the workpiece is also shown. Continuity conditions are as-
sumed for the deﬂection, slope, and moment at the interaction
point, and shear force increases with the addition of the cutting
forces.
The workpiece is a continuous beam clamped at the work-
piece driver and a clamped condition is assumed at the tail-
stock. Hence, we can consider the cutting edge-workpiece
system as a multi-span beam and the transverse vibration of
this beam in the Y–Z plane has the following governing partial
differential equations in the Y and Z directions as
EI
o4Qy
oX4
ðX; tÞ þM o
2Qy
ot2
ðX; tÞ ¼ 0 ð1Þ
and
EI
o4Qz
oX4
ðX; tÞ þM o
2Qz
ot2
ðX; tÞ ¼ 0 ð2Þ
where I, M, Wy, Wz, respectively, are
I1;M1;Q1y;Q1z; in 0 < X < L1
I2;M2;Q2y;Q2z; in L1 < X < L
M1 ¼ c
g
A1; M2 ¼ c
g
A2; I1 ¼ p
64
d41;
I2 ¼ p
64
d42; A1 ¼
p
4
d21; A2 ¼
p
4
d22
The boundary conditions in the Y direction are
Q1yð0; tÞ ¼ 0:0 ðaÞ; Q1yðL1; tÞ ¼ Q2yðL1; tÞ ðeÞ
Q01yð0; tÞ ¼ 0:0 ðbÞ; Q01yðL1; tÞ ¼ Q02yðL1; tÞ ðfÞ
Q2yðL; tÞ ¼ 0:0 ðcÞ; Q001yðL1; tÞ ¼ Q002yðL1; tÞ ðgÞ
Q02yðL; tÞ ¼ 0:0 ðdÞ;
EI1Q
000 ðL1; tÞ ¼ EI2Q000 ðL1; tÞ  FcyðtÞ ðhÞ
ð3Þ
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Figure 1 Cutting edge-workpiece system with the cutting forces in the lathe machine.
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Q1Zð0; tÞ ¼ 0:0 ðaÞ; Q1ZðL1; tÞ ¼ Q2ZðL1; tÞ ðeÞ
Q01Zð0; tÞ ¼ 0:0 ðbÞ; Q01ZðL1; tÞ ¼ Q02ZðL1; tÞ ðfÞ
Q2ZðL; tÞ ¼ 0:0 ðcÞ; Q001ZðL1; tÞ ¼ Q002ZðL1; tÞ ðgÞ
Q02ZðL; tÞ ¼ 0:0 ðdÞ;
EI1Q
000
1ZðL1; tÞ ¼ EI2Q0002ZðL1; tÞ  FCZðtÞ ðhÞ
ð4Þ
The nonhomogeneous boundary conditions or time-dependent
boundary condition the system is subjected to is given in Eqs.
(3h) and (4h). The innovative modeling approach will be used
to transform this problem into a problem consisting of nonho-
mogeneous differential equations with homogeneous bound-
ary conditions which will be solved by modal analysis. So,
the solution to this boundary-value problem in both directions
is by introducing Eqs. (5) and (6). Given nonhomogeneous
boundary condition as in Eqs. (3h) and (4h), which are not
vanishing everywhere. Homogeneous boundary conditions
usually consist of a relation between the values assumed by
the desired function Q and its derivative on the boundary C
of the domain G in question. We can obtain an equivalentproblem with homogeneous boundary conditions by assuming
L[Q] = 0 is a linear homogeneous equation and the boundary
value F can be extended continuously into the interior of G in
such a way that L[F] = g is a continuous function in G. Then
for the new unknown function H= Q  F we immediately
have the differential equation L[H] = g with the homogeneous
boundary condition H= 0.
Q1yðx; tÞ ¼ H1yðx; tÞ þ s1ðxÞFcyðtÞ; 0 < X < L1
Q2yðx; tÞ ¼ H2yðx; tÞ þ s2ðxÞFcyðtÞ; L1 < X < L
ð5Þ
Q1zðx; tÞ ¼ H1zðx; tÞ þ s1ðxÞFczðtÞ; 0 < X < L1
Q2zðx; tÞ ¼ H2zðx; tÞ þ s2ðxÞFczðtÞ; L1 < X < L
ð6Þ
The functions s1(x) and s2(x) are chosen to render the bound-
ary conditions for the variables H1y(x, t), H2y(x, t) and
H1z(x, t), H2z(x, t) homogeneous.
Several choices for s1(x) and s2(x) are acceptable (Eqs. (9)–
(11)). Introducing the boundary conditions of the current
problem into Eqs. (5) and (6). Consider Eq. (3h):
4 H.M. Al-Wedyan, M. AlataH0001yðL1; tÞ þ kH0002yðL1; tÞ ¼ FcyðtÞ ks0002 ðL1Þ þ s0001 ðL1Þ þ
1
EI1
 
ð7Þ
For the right hand side of Eq. (7) to be zero:
ks0002 ðL1Þ þ s0001 ðL1Þ þ
1
EI1
¼ 0 ð8Þ
where
k ¼ EI2
EI1
¼ I2
I1
for same E:
Following similar procedure, the boundary conditions from
Eq. (3) result in
s1ð0Þ ¼ 0 ð3aÞ
s01ð0Þ ¼ 0 ð3bÞ
s2ðLÞ ¼ 0 ð3cÞ
s02ðLÞ ¼ 0 ð3dÞ
s2ðL1Þ  s1ðL1Þ ¼ 0 ð3eÞ
s02ðL1Þ  s01ðL1Þ ¼ 0 ð3fÞ
s001ðL1Þ þ s002ðL1Þ ¼ 0 ð3gÞ
ð9Þ
Assuming that
s0001 ðXÞ ¼ D1 ð10Þ
Substitute Eq. (10) into Eq. (8), the following equation is
obtained:
s0002 ðXÞ ¼ 
1
EI2
þD1
k
 
ð11Þ
Eqs. (10) and (11) become:
s1ðXÞ ¼ X
3
6
D1 þ X
2
2
D2 þ XD3 þD4 ð12Þ
s2ðXÞ ¼ X
3
6EI2
 X
3
6k
D1 þ X
2
2
D5 þ XD6 þD7 ð13Þ
where the constants D1, D2, D3, D4, D5, D6, D7 are evaluated
by applying the set of boundary conditions in Eq. (9). The val-
ues of these constants are presented in Table 1 for L1 = 0.5 m,
and L= 1 m.
Now introducing Eqs. (5) and (6) in Eq. (1) and (2), respec-
tively, we obtain a set of nonhomogeneous differential equa-
tions. In the Y direction:
EI1H
0000
y ðx; tÞ þM1 €Hyðx; tÞ
¼ EI1s00001 ðxÞFcyðtÞ M1s1ðxÞ €FcyðtÞ; 0 < X < L1
EI2H
0000
y ðx; tÞ þM2 €Hyðx; tÞ
¼ EI2s00002 ðxÞFcyðtÞ M2s2ðxÞ €FcyðtÞ; L1 < X < L
ð14ÞTable 1 Values for the constants of integration for s1(x) and
s2(x).
Constant Value
D1 3.9245
D2 2.8027
D3 0
D4 0
D5 5.6336
D6 1.7623
D7 0.2359and in Z direction:
EI1H
0000
z ðx; tÞ þM1 €Hzðx; tÞ
¼ EI1s00001 ðxÞFczðtÞ M1s1ðxÞ €FczðtÞ; 0 < X < L1
EI2H
0000
z ðx; tÞ þM2 €Hzðx; tÞ
¼ EI2s00002 ðxÞFczðtÞ M2s2ðxÞ €FczðtÞ; L1 < X < L
ð15Þ
Now we need to ﬁnd the natural frequencies with the corre-
sponding eigen functions for the following system of
equations:
EIH
0000
y ðx; tÞ þM €Hyðx; tÞ ¼ 0 ð16Þ
EIH
0000
z ðx; tÞ þM €Hzðx; tÞ ¼ 0 ð17Þ
Under free vibration conditions, we assume:
Hyðx; tÞ ¼ hyðxÞeixt ð18Þ
Hzðx; tÞ ¼ hzðxÞeixt ð19Þ
Consider X ¼ X
L
, then d
dX
¼ d
dX
1
L
, and accordingly we have
h
0000
y ðXÞ H4hyðXÞ ¼ 0 ð20Þ
h
0000
z ðXÞ H4hzðXÞ ¼ 0 ð21Þ
where,
H4 ¼ x
2ML4
EI
; becomes
H41 ¼
x2M1L41
EI1
; 0 < X < L1
H42 ¼
x2M2L4
EI2
; L1 < X < 1
L1 ¼ L1
L
; L ¼ L
L
¼ 1
The solutions in the two regions are
h1yðxÞ ¼ A1 cosH1Xþ A2 sinH1Xþ A3 coshH1X
þ A4 sinhH1X; 0 < X < L1
h2yðxÞ ¼ A5 cosH2Xþ A6 sinH2Xþ A7 coshH2X
þ A8 sinhH2X; L1 < X < 1
ð22Þ
and in the Z direction:
h1zðxÞ ¼ B1 cosH1Xþ B2 sinH1Xþ B3 coshH1X
þ B4 sinhH1X; 0 < X < L1
h2zðxÞ ¼ B5 cosH2Xþ B6 sinH2Xþ B7 coshH2X
þ B8 sinhH2X;L1 < X < 1:
ð23Þ
Further
H4j ¼ x2
MjL
4
j
ðEIÞj
) x ¼ Hj
Lj
 2 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðEIÞj
Mj
s
h1yðXÞ, h2yðXÞ in the Y direction and h1zðXÞ, and h2zðXÞ in the
Z direction have to satisfy the conditions that their respective
fourth derivatives are equal to a constant multiplied by the
functions. All the constants Ai and Bi, i= 1, . . . , 8 are evalu-
ated using the following boundary conditions in the Y and Z
directions:
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h01yð0; tÞ ¼ 0:0 ðbÞ h01yðL1; tÞ ¼ h02yðL1; tÞ ðfÞ
h2yðL; tÞ ¼ 0:0 ðcÞ h001yðL1; tÞ ¼ h002yðL1; tÞ ðgÞ
h02yðL; tÞ ¼ 0:0 ðdÞ h0001yðL1; tÞ ¼ kh0002yðL1; tÞ ðhÞ
ð24Þ
h1zð0; tÞ ¼ 0:0 ðaÞ h1zðL1; tÞ ¼ h2zðL1; tÞ ðeÞ
h01zð0; tÞ ¼ 0:0 ðbÞ h01zðL1; tÞ ¼ h02zðL1; tÞ ðfÞ
h2zðL; tÞ ¼ 0:0 ðcÞ h001zðL1; tÞ ¼ h002zðL1; tÞ ðgÞ
h02zðL; tÞ ¼ 0:0 ðdÞ h0001zðL1; tÞ ¼ kh0002zðL1; tÞ ðhÞ
ð25Þ
From Eqs. (24a) and (24b), it is found that A1 = A3 and
A2 = A4, respectively. The same for Eqs. (25a) and (25b),
it is found that B1 = B3 and B2 = B4, respectively.
These equations are written in the form:
½G6X6fAg6X1 ¼ f0g and ½H6X6fBg6X1 ¼ f0g ð26Þ
For a nontrivial solutions ŒGŒ= 0, ŒHŒ= 0. Any one will give
the characteristic equation, where ŒGŒ and ŒHŒ are the determi-
nant of the coefﬁcient matrices [G] and [H], respectively. Plot-
ting the frequency equation against
ﬃﬃﬃﬃﬃ
xn
p
yields the roots of the
frequency equation for the ﬁrst eight natural frequencies of the
Cutting edge-Workpiece system. Table 2 presents the ﬁrst eight
natural frequencies. The frequency equation is
jHj ¼ 8þ 4 cos ﬃﬃﬃﬃﬃxnp H2L1 þH1L1 þH2  
 cosh ﬃﬃﬃﬃﬃxnp H2L1 þH1L1 þH2   4
 cos ﬃﬃﬃﬃﬃxnp H2L1 þH1L1 þH2  
 cosh ﬃﬃﬃﬃﬃxnp H2L1 H1L1 þH2   4
 cos ﬃﬃﬃﬃﬃxnp H2L1 H1L1 þH2  
 cosh ﬃﬃﬃﬃﬃxnp H2L1 þH1L1 þH2   4
 cos ﬃﬃﬃﬃﬃxnp H2L1 H1L1 þH2  
 cosh ﬃﬃﬃﬃﬃxnp H2L1 H1L1 þH2  
The normal modes corresponding to these natural frequencies
areTable 3 The arbitrary constants for the normal modes at the ﬁrst ﬁ
x1 x2
A4;B4 0.5561 0.4565
A5;B5 0.1180 2.5563
A6;B6 0.8707 2.5674
A7;B7 5.5677 373.847
A8;B8 5.5931 373.847
Table 2 Presents the ﬁrst eight natural frequencies.
Natural frequency number xn (Hz)
1 24
2 242.2
3 573.24
4 1019.1
5 1592.36
6 2293
7 3121.02
8 4076h1yiðxÞ ¼ A3 coshH1iX cosH1iX
  A4 sinhH1iX sinH1iX 
h2yiðxÞ ¼ A5 cosH2iXþ A6 sinH2iXþ A7 coshH2iXþ A8 sinhH2iX
ð27Þ
h1ziðxÞ ¼ B3 coshH1iX cosH1iX
  B4 sinhH1iX sinH1iX 
h2ziðxÞ ¼ B5 cosH2iXþ B6 sinH2iXþ B7 coshH2iXþ B8 sinhH2iX
ð28Þ
H41i ¼ x4
M2L
4
2
ðEIÞ2
a1k1k; H
4
2i ¼¼ H42i ¼ x2
M2L
4
ðEIÞ2
1
a1k1k
;
where
1
k
¼ ðEIÞ1ðEIÞ2
; a1 ¼M1
M2
; k1 ¼ L
4
1
L4
The values for Ai and Bi; i ¼ 3; 5; . . . ; 8 are presented in
Table 3.
Now, in order to solve the nonhomogeneous differential
Eqs. (14) and (15), assume the solution in terms of normal
modes:
hyðx; tÞ ¼
X1
n¼1
hynðxÞwynðtÞ
hzðx; tÞ ¼
X1
n¼1
hznðxÞwznðtÞ
ð29Þ
Introducing Eq. (29) into Eq. (14) in the Y direction we obtain:
X1
n¼1
wynðtÞh
0000
ynðxÞ þ €wynðtÞ
M1
EI1
hynðxÞ
 
¼ s00001 ðxÞFcyðtÞ 
M1
EI1
s1ðxÞ €FcyðtÞ; 0 < X < L1
X1
n¼1
wynðtÞh
0000
ynðxÞ þ €wynðtÞ
M2
EI2
hynðxÞ
 
¼ s00002 ðxÞFcyðtÞ 
M2
EI2
s2ðxÞ €FcyðtÞ; L1 < X < 1
ð30Þ
and introduce Eq. (30) into Eq. (15) in the Z direction, we
obtain:
X1
n¼1
wznðtÞh
0000
znðxÞ þ €wznðtÞ
M1
EI1
hznðxÞ
 
¼ s00001 ðxÞFczðtÞ 
M1
EI1
s1ðxÞ €FczðtÞ; 0 < X < L1
X1
n¼1
wznðtÞh
0000
znðxÞ þ €wznðtÞ
M2
EI2
hznðxÞ
 
¼ s00002 ðxÞFczðtÞ 
M2
EI2
s2ðxÞ €FczðtÞ; L1 < X < 1
ð31Þ
and since h1ynðxÞ, h2ynðxÞ and h1znðxÞ, h2znðxÞ and xn satisﬁes
Eqs. (20) and (21), Eqs. (30) and (31) can be written as, ﬁrst
in the Y direction:ve natural frequencies.
x3 x4 x5
0.0981 0.27308 0.98528
3.3823 4.2784 6.1784
2.2613 6.25506 0.7482
0.0001 1317192 1911.026
0.0001 1317192 1911.025
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n¼1
€wynðtÞ þ x2nwynðtÞ
	 
M1
EI1
hynðxÞ
 
¼  s00001 ðxÞFcyðtÞ þ
M1
EI1
s1ðxÞ €FcyðtÞ
 
; 0 < X < L1
X1
n¼1
€wynðtÞ þ x2nwynðtÞ
	 
M2
EI2
hynðxÞ
 
¼  s00002 ðxÞFcyðtÞ þ
M2
EI2
s2ðxÞ €FcyðtÞ
 
; L1 < X < 1
ð32Þ
and in the Z direction:
X1
n¼1
€wznðtÞ þ x2nwznðtÞ
	 
M1
EI1
hznðxÞ
 
¼  s00001 ðxÞFczðtÞ þ
M1
EI1
s1ðxÞ €FczðtÞ
 
; 0 < X < L1
X1
n¼1
€wznðtÞ þ x2nwznðtÞ
	 
M2
EI2
hznðxÞ
 
¼  s00002 ðxÞFczðtÞ þ
M2
EI2
s2ðxÞ €FczðtÞ
 
; L1 < X < 1
ð33Þ
To ﬁnd the solution in the three regions, we have to uncouple
these equations using the orthogonal property of the Eigen
function and integrate with respect to X over the domain.
The orthogonal properties are as follows:Z L1
0
h1ynðxÞh1ymðxÞdxþ
Z 1
L1
h2ynðxÞh2ymðxÞdx ¼ dnm; if m ¼ n
Z L1
0
h1ynðxÞh1ymðxÞdxþ
Z 1
L1
h2ynðxÞh2ymðxÞdx ¼ 0; if m–n
Z L1
0
h1znðxÞh1zmðxÞdxþ
Z 1
L1
h2znðxÞh2zmðxÞdx ¼ dnm; if m ¼ n
Z L1
0
h1znðxÞh1zmðxÞdxþ
Z 1
L1
h2znðxÞh2zmðxÞdx ¼ 0; if m–n
Hence, we obtain an inﬁnite set of uncoupled ordinary differen-
tial equations in Y and Z directions for the two regions of the
beam:
€wyiðtÞ þ 2nH21i _wyiðtÞ þH41iwyiðtÞ ¼ #yiðtÞ
€wyiðtÞ þ 2nH22i _wyiðtÞ þH42iwyiðtÞ ¼ #yiðtÞ
ð34Þ
Similarly in Z direction:
€wziðtÞ þ 2nH21i _wziðtÞ þH41iwziðtÞ ¼ #ziðtÞ
€wziðtÞ þ 2nH22i _wziðtÞ þH42iwziðtÞ ¼ #ziðtÞ
ð35Þ
where
#yiðtÞ ¼ FyðtÞ
Z L1
0
h1yiðxÞdxþ
Z 1
L1
h2yiðxÞdx
" #
#ziðtÞ ¼ FzðtÞ
Z L1
0
h1ziðxÞdxþ
Z 1
L1
h2ziðxÞdx
" #
FyðtÞ ¼  /1yiFcyðtÞ þ /1yi €FcyðtÞ
h i
and
I ¼ I1; M ¼M1; 0 < X < L1
¼  /2yiFcyðtÞ þ /2yi €FcyðtÞ
h i
and
I ¼ I2; M ¼M2; L1 < X < 1FyðtÞ ¼  /1ziFczðtÞ þ /1zi €FczðtÞ
 
and
I ¼ I1; M ¼M1; 0 < X < L1
¼  /2ziFczðtÞ þ /2zi €FczðtÞ
 
and
I ¼ I2; M ¼M2; L1 < X < 1
where
/1yi ¼
Z L1
0
h1yiðxÞs00001 ðxÞdx; /1yi ¼
Z L1
0
h1yiðxÞM1
EI1
s1ðxÞdx;
/2yi ¼
Z 1
L1
h2yiðxÞs00002 ðxÞdx; /2yi ¼
Z 1
L1
h2yiðxÞM2
EI2
s2ðxÞdx;
/1zi ¼
Z L1
0
h1ziðxÞs00001 ðxÞdx; /1zi ¼
Z L1
0
h1ziðxÞM1
EI1
s1ðxÞdx;
/2zi ¼
Z 1
L1
h2ziðxÞs00002 ðxÞdx; /2zi ¼
Z 1
L1
h2ziðxÞM2
EI2
s2ðxÞdx;
The whirling motions at different sections of the cutting edge-
workpiece system are plotted at speed of 100 rad/s and with
cutting forces in the form of
FcyðtÞ ¼ Fc0 cosðxtÞ
FczðtÞ ¼ Fc0 sinðxtÞ
The solution for the set of equations in Y direction (Eqs. (34)
and (35)) are obtained by the convolution integral or superpo-
sition integral. It is based on the superposition of the responses
of the system to a sequence of impulses. Let the variable of
integration be (s) between the limits of integration (0) and (t)
and the elemental impulse is Nn(s)ds. So the complete solution
for these equations with zero initial conditions is
wyiðtÞ ¼
1
xi
Z t
0
#yiðsÞenwiðtsÞ sinxiðt sÞds
 
wziðtÞ ¼
1
xi
Z t
0
#ziðsÞenwiðtsÞ sinxiðt sÞds
  ð36Þ
The complete solution for the current problem is as follows:
Q1yðx; tÞ ¼
X1
i¼1
h1yiðxÞ 1xi
Z t
0
#yiðsÞenwiðtsÞ sinxiðt sÞds
 
þ s1ðxÞFcyðtÞ
in the region 0 < X < L1;
Q2yðx; tÞ ¼
X1
n¼1
h2yiðxÞ 1xi
Z t
0
#yiðsÞenwiðtsÞ sinxiðt sÞds
 
þ s2ðxÞFcyðtÞ
in the region L1 < X < 1;
ð37Þ
and in the Z direction
Q1zðx; tÞ ¼
X1
i¼1
h1ziðxÞ 1xi
Z t
0
#ziðsÞenwiðtsÞ sinxiðt sÞds
 
þ s1ðxÞFczðtÞ in the region 0 < X < L1;
Q2zðx; tÞ ¼
X1
n¼1
h2ziðxÞ 1xi
Z t
0
#ziðsÞenwiðtsÞ sinxiðt sÞds
 
þ s2ðxÞFczðtÞ in the region L1 < X < 1:
ð38Þ
Substituting the forces in the solution in the Y directions:
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1
-1
-0.8
-0.6
-0.4
-0.2
0
0.2
0.4
0.6
0.8
1
Z (um)
Y
 (u
m
)
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1
-1
-0.8
-0.6
-0.4
-0.2
0
0.2
0.4
0.6
0.8
1
Z (um)
Y
 (u
m
)
(a) (b) 
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1
-1
-0.8
-0.6
-0.4
-0.2
0
0.2
0.4
0.6
0.8
1
Z (um)
Y
 (u
m
)
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1
-1
-0.8
-0.6
-0.4
-0.2
0
0.2
0.4
0.6
0.8
1
Z (um)
Y
 (u
m
)
(c) (d) 
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1
-1
-0.8
-0.6
-0.4
-0.2
0
0.2
0.4
0.6
0.8
1
Z (um)
Y
 (u
m
)
(e) 
Figure 2 Whirling motion of the cutting edge-workpiece system for the lathe machine at (a) X ¼ 0:1, (b) X ¼ 0:3, (c) X ¼ 0:5, (d)
X ¼ 0:7, and (e) X ¼ 0:9.
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Figure 3 Displacement in the Y (- - -) and Z (___) directions for the workpiece at (a) X ¼ 0:1, (b) X ¼ 0:3, (c) X ¼ 0:5, (d) X ¼ 0:7, and
(e) X ¼ 0:9.
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Figure 4 One ﬁgure plot of the whirling motion at different
location of the workpiece.
Table 4 Whirl diameters for Fig. 2 at different locations on
the workpiece.
Fig. 3 Whirl diameter (lm)
(a) 0.4
(b) 0.75
(c) 0.96
(d) 0.82
(e) 0.48
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X1
i¼1
hy1iðxÞ
 1
xi
Z t
0
 /1yiFcyðsÞ þ /1yi €FcyðsÞ
h i
 /2yiFcyðsÞ þ /2yi €FcyðsÞ
h i
0
B@
1
CAenwiðtsÞ sinxiðt sÞds
0
B@
1
CA
þ s1ðxÞFcyðtÞ in the range of 0 < X < L1
Q2yðx; tÞ ¼
X1
i¼1
hy2iðxÞ
 1
xi
Z t
0
 /1yiFcyðsÞ þ /1yi €FcyðsÞ
h i
 /2yiFcyðsÞ þ /2yi €FcyðsÞ
h i
0
B@
1
CAenwiðtsÞ sinxiðt sÞds
0
B@
1
CA
þ s2ðxÞFcyðtÞ in the range of L1 < X < 1
ð39Þ
and the solution in the Z direction will be
Q1zðx; tÞ ¼
X1
i¼1
hz1iðxÞ
 1
xi
Z t
0
 /1ziFczðsÞ þ /1zi €FczðsÞ
 
 /2ziFczðsÞ þ /2zi €FczðsÞ
 
 !
enwiðtsÞ sinxiðt sÞds
 !
þ s1ðxÞFczðtÞ in the range of 0 < X < L1
Q2zðx; tÞ ¼
X1
i¼1
hz2iðxÞ
 1
xi
Z t
0
 /1ziFczðsÞ þ /1zi €FczðsÞ
 
 /2ziFczðsÞ þ /2zi €FczðsÞ
 
 !
enwiðtsÞ sinxiðt sÞds
 !
þ s2ðxÞFczðtÞ in the range of L1 < X < 1
ð40Þbut /1yi ¼ /2yi ¼ 0 in the Y direction and /1zi ¼ /1zi ¼ 0 in the
Z direction. This simpliﬁes the ﬁnal solution to
Q1yðx; tÞ ¼
X1
i¼1
hy1iðxÞ
 1
xi
Z t
0
 /1yi €FcyðsÞ þ /2yi €FcyðsÞ
 
enwiðtsÞ sinxiðt sÞds
 
þ s1ðxÞFcyðtÞ in the range of 0 < X < L1
Q2yðx; tÞ ¼
X1
i¼1
hy2iðxÞ
 1
xi
Z t
0
 /1yi €FcyðsÞ þ /2yi €FcyðsÞ
 
enwiðtsÞ sinxiðt sÞds
 
þ s2ðxÞFcyðtÞ in the range of L1 < X < 1
ð41Þ
and the solution in the Z direction will be:
Q1zðx; tÞ ¼
X1
i¼1
hz1iðxÞ
 1
xi
Z t
0
 /1zi €FczðsÞ þ /2zi €FczðsÞ
 
enwiðtsÞ sinxiðt sÞds
 
þ s1ðxÞFczðtÞ in the range of 0 < X < L1
Q2zðx; tÞ ¼
X1
i¼1
hz2iðxÞ
 1
xi
Z t
0
 /1zi €FczðsÞ þ /2zi €FczðsÞ
 
enwiðtsÞ sinxiðt sÞds
 
þ s2ðxÞFczðtÞ in the range of L1 < X < 1
ð42Þ
in the Y direction /1yiFcoy ¼ /2yiFcoy ¼ constant, and the same
in the Z direction /1ziFcoz ¼ /2ziFcoz ¼ constant.
So, in order to arrive at the ﬁnal solution, the integrals in
Appendix A are used. It is seen from those integrals that the
ﬁnal solution will have a transient (which will die out after a
while) and steady state solution. The steady state solution
for the self-excited motion at x= 100 rad/s which is below
the ﬁrst natural frequency, is plotted for AISI 1020 steel with
E= 200 GPa, and c= 77177.98 N/m3 in Fig. 2 showing the
whirling motion at different location of the cutting edge-work-
piece system. Fig. 3 shows both the Z and Y signals for the cut-
ting edge-workpiece system. Fig. 4 is a one-ﬁgure plot of the
system showing the whirling motion at different locations of
the workpiece at x ¼ 0:1, x ¼ 0:3, x ¼ 0:5, x ¼ 0:7, and
x ¼ 0:9. Table 4 shows Whirl Diameters for Fig. 2 at different
locations on the workpiece. The maximum whirl diameter is in
Fig. 2(c) at the cutting edge-workpiece interaction.
The whirling motion is oscillating around zero. This is due
to the assumption of the force terms in the Y and Z direction.
FcyðtÞ ¼ Fcoy cosðxtÞ
FczðtÞ ¼ Fcoz sinðxtÞ
ð43Þ
This excitation that produces the latter originates from within
the complete system of the cutting edge-workpiece system and
the nature of the drilling process.3. Conclusions
A mathematical approach was developed to study the whirling
motion of the lathe machine at the intermediate turning stage.
This model has been used to simulate the whirling motion at
10 H.M. Al-Wedyan, M. Alatadifferent locations of the cutting edge-workpiece system. The
mathematical model to study the whirling motion of the cutting
edge–workpiece assembly transformed the homogenous equa-
tionswith nonhomogeneous boundary condition into a problem
with nonhomogeneous equations with homogenous boundary
conditions. The computed fundamental natural frequency of
the cutting edge-workpiece system was 24 Hz. The whirl ampli-
tude was the highest at x ¼ 0:5 and the lowest was at x ¼ 0:1.Acknowledgments
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0
e1xðtsÞ sinxðt sÞds
¼  1
xð12 þ 1Þ 1þ e
1xt cosðxtÞ þ e1xt sinðxtÞð ÞZ t
0
cos xsð Þe1xðtsÞ sinxðt sÞds
¼  1
x1ð12 þ 4Þ
2 sinðxtÞ  1 cosðxtÞ
þ12 e1xt sinðxtÞ
þ2e1xt sinðxtÞ þ 1e1xt cosðxtÞ
0
B@
1
CA
Z t
0
sinðxsÞe1xðtsÞ sinxðt sÞds
¼ 1
x1ð12 þ 4Þ
1 sinðxtÞ  2 cosðxtÞ þ 1e1xt sinðxtÞ
þ21e1xt cosðxtÞ
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